We present a new independent scheme of SO(3) group transformations suitable for the N particle system, composed of N − 1 and 1 particle subsystems, where N − 1 particles have their own intrinsic clusterization. The simple expressions for corresponding four-particle harmonic-oscillator transformation brackets are presented, as well as their simplifications for the special values of mass ratio parameters = 0, → ∞ and 
Introduction
The wave function of a self-bound system in the absence of external fields must be invariant with respect to spatial translations as well as antisymmetric with respect to all permutations of the fermions. Translational invariance of a wave function means that it depends only on the intrinsic degrees of freedom of the system. One of the possible solution to the problem of translational invariance of any wave function is based on direct construction of the manyfermion wave function, which is independent of the center * E-mail: dariusg@ar.fi.lt of mass coordinate [1] . In this case, the harmonic-oscillator (HO) basis set in terms of intrinsic (Jacobi) coordinates is necessary. Under the notion of a set of Jacobian coordinates for a system of N particles we mean the N − 1 independent vectors each representing the displacement of the center of mass of the two different subsystems. For N > 2, there exist more than one set of Jacobi coordinates that can be assigned to the N particle system. In general, when the transformation from one set of Jacobi coordinates to another is performed, one obtains an expression for the wave function containing an infinite number of terms. Only the set of HO functions can be chosen in such a manner that the transformation from one set of Jacobi coordinates to another results in a corresponding expansion with a finite number of terms. In this approach, the essential feature is the Talmi-Moshinsky transformation [2, 3] and the corresponding HO brackets. Since HO brackets are constantly employed in various model calculations of the nuclear and hadron structure, it is desirable to have a simple and efficient method to calculate them. Many papers have been devoted to the study of the Talmi-Moshinsky transformation brackets, and various methods for the calculation of these brackets and several explicit expressions for them are described in [4] [5] [6] . In our previous paper [7] one of the cases of rotational group SO(3) transformation, which changes the quantum mechanical basis states through corresponding four-particle harmonic-oscillator transformation brackets (4HOB), was published. Also, in paper [8] the special cases of massratio parameters = 0, → ∞ and 1 = 0, 1 → ∞ and simplified 4HOB expressions were discussed and presented for that case. The main physical result of this paper is a new independent scheme of SO(3) group transformations suitable for the N particle system, composed of N − 1 and 1 particle subsystems, where N −1 particles have their own intrinsic clusterization. The simple expressions for corresponding four-particle harmonic-oscillator transformation brackets are presented. In Sec. 2 we discuss general expression of 4HOB and present the matching set of Jacobian trees. In Sec. 3 the special cases of mass-ratio parameters are reviewed and in Sec. 4 conclusions are presented.
Expressions of four-particle harmonic-oscillator transformation brackets
Let us define the four-particle wave function in intrinsic (Jacobi) coordinates [7] with coupled momenta as: (1) and the properly orthonormalized HO function is given by:
where the corresponding dimensionless eigenvalue equals ( +3/2) and the principal quantum number = ( − )/2 = 0 1 2 , here = 2 + , is the angular momentum. Moments are coupled using Clebsch-Gordan coefficients (box brackets). Let us consider HO transformation brackets as a four-particle orbital coordinate transformation from one set, described by Eq. (1), to another: (3) with the conservation of the total oscillator energy on both sides of the bracket:
The transformation matrix from Eq. (4) in [7] equals:
In cases, when the N particle system has two already antisymmetrized clusters, composed of N 1 and
particles, construction of the antisymmetrical states of the whole N particle system was discussed in [9] . For such a construction the calculation of two-body permutation operator P N 1 N may be useful. Transformation from Eq. (4) is applied for Jacobi trees, presented in FIG. 1, where operator P N 1 N changes the N 1 -th and N-th particles, respectively. The 4HOB for this case were presented in [7] . The second three Jacobi variable transformation scheme, newly introduced in this paper, is possible for clusterization .
Each of these three matrices describes the orthogonal two-particle coordinate transformation. We prefer the above order of the independent transformation variables and 1 , and the coupling of the angular momenta because this produces an orthogonal and at the same time symmetric transformation matrix. An example of this case can be a five-particle Jacobi tree, presented in FIG. 3 . The intrinsic Jacobi coordinates of this tree are:
where r ( = 1 2 3 4 5) are Cartesian coordinates of particles. Using the permutation operator P 45 , which changes the fourth and the fifth particles, we can express Jacobi coordinates in Eq. Figure 2 . Jacobi tree for transformation, presented in Eq. (5) (Fig. 2a) and its mirror Jacobi tree (Fig. 2b) .
and we can express the transformation of mirrored many-body basis states through transformations presented in Eq. (5) using only a phase (−1) 3 +
3
. From here on we will describe only the transformation of Eq. (5). Let us introduce new Jacobian variables
The wave-function transformation is described by three-particle harmonic-oscillator brackets: 
The sum runs over only one energy quantum number ε 1 , because according to the conservation of the total oscillator energy of the system ε 2 = 1 + 2 − ε 1 . The transformation matrix (Eq. 
Now we introduce another set of Jacobian variables. 
Here we changed the coupling scheme from {{φ ε 
The energy conservation law gives us relation E 1 = ε 1 + 3 − E 2 Now the transformation matrix form is:
As can be seen from this Eq. (15), ρ 3 = χ 2 It follows that energies and angular momenta, representing these coordinates, are also equal: 3 
The final expression of 4HOB for transformation from Eq. (5) 
The general 4HOB expression from Eq. (16) in this case simplifies: 
In that case expression in Eq. (16) 
The transformation matrix can be rewritten:
Here we have additional phase (−1) 2 In case 1 = 0, 4HOB equals: 
Conclusions
We have introduced a new independent SO(3) group transformation scheme. This scheme is suitable for clusterization N 1 = N − 1 and N 2 = 1 where the first cluster has two intrinsic subclusters, composed of K and N−1−K particles, respectively. The simple expressions for corresponding four-particle harmonic-oscillator transformation brackets were presented. In Eq. (17) the final expression of 4HOB for this transformation was introduced. The 4HOB expressions in special cases of mass-ratio parameters = 0, → ∞ are given in Eq. (19) and Eq.
(21). The same expressions in cases 1 = 0, 1 → ∞ are described in Eq. (19) and Eq. (21). For demonstration purposes 4HOB matrix dimensions in case of four-particle HO energy E 0 = 20 are shown in Table 1 .
